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Fourier Series
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FIGURE 4.1 The function at the bottom is the sum of the four functions above it.
Fourier’s idea in 1807 that periodic functions could be represented as a weighted sum
of sines and cosines was met with skepticism.
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Fourier Series

Fourier Series

Analysis

f(t) = i c,,eerTnt

Synthesis
]. T/2 s 2mnt
Gy = —/ f(t)e /7 dt
T J 1)
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1D Fourier Transformada

Continuous Fourier Transform

Analysis
FUFW)Y = Fw = [ f(e e
Synthesis
0= [ Flu)ed

—00
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1D Continuous Fourier Transformada

Ex 1: Calculate the FT of 7(t)

(0 it > w2
f(t){A if 6] < W2

00 ) w/2 )
F(u) = / f(t)e /2™ dt = / Ae 2Tt dt

—00 —-Ww/2
_ —A [e—j27rut] wjz _ —A {e—jww _ ejww]
Jermp Wiz jemp
in(ruW
- AWW = AWsinc(uW)
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1D Continuous Fourier Transformada

Ex 1: Calculate the FT of £(t)

0 if|t|>w/2
f(t):{ A if|t < W2

F(p) = AWsinc(uW)

0 Fu) 17 ()
AW
A
t i i
-W/2 0 w2 e SO
s =2 W 2W e 2/W Dw W W

abc

FIGURE 4.4 (a) A simple [unclion; (b) its Fourier transform; and (c) the spectrum. All [unctions extend to
infinity in hoth directions.
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1D Continuous Fourier Transformada

Ex 2: Calculate the FT of 7(t) = d(t)

F(p) = /Oo f(t)e /2mHidt

—0o0

= / 5(t)e7j27””dt = e 20 — 1
Ex 3: Calculate the FT of 7(t) = o(t — tp)

Fiu)= [ e

—0o0

o
= / 5(t — to)e It = eJ2mr0
—0oQ

= cos(2muty) — jsin(2muty)
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1D Continuous Fourier Transformada

sar(f)

- =3AT —2AT —-AT 0 AT  2AT 3AT ---

Ex 4: Calculate the FT of a train of impulses

[SAT(t) =3 (- nAT)j
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1D Continuous Fourier Transformada

F{f(t)} = F(p) = /oo f(t)e I2mHidt

—0o0

(0= [ Fuemdy

—0o0

Symmetry Property
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1D Continuous Fourier Transformada

F{f(t)} = F(p) = /oo f(t)e I2mHidt
(0= [ Fuemdy

—0o0

Symmetry Property

f(t) = F(u)
F(t) = f(—p)
Given that:
5(t — ty) — e J2miot
we have:

eIty §(—p — to)
making —typ = a .
&2y §(—p+ a) = 8(u — a)
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1D Continuous Fourier Transformada

Ex 4: Given that sa7(t) => .- . 0(t — nAT) is a periodic signal, we
can express the train of impulses using a Fourier Series:
s 2
SAT = Z Cn ejATt

n=—oo

where
AT/2

/ SAT _J%;Edt
AT/2
T/2 mnt
/ e JAT dt
AT/2
O
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1D Continuous Fourier Transformada

Ex 4: Given that sa1(t) =>_.°° ___ 6(t — nAT) is a periodic signal, we

n=—oo

can express the train of impulses using a Fourier Series:
s 2

j2m™n

saT= Y cpelart

n=—oo

where

1 AT/2 s nt
Ch = AT/ sat(t)e /At dt

—AT/2
1 AT/2 =g nt
= o(t)e I aTdt
AT —AT/2 ()
_ 1 0 1
AT AT
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1D Continuous Fourier Transformada

Ex 4:

]. > $2mn

n=—oo
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1D Continuous Fourier Transformada

Ex 4:

]. > $2mn

n=—oo
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1D Continuous Fourier Transformada

Ex 4:

]. > $2mn

n=—oo

Another train of impulses!
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Sampling

F)

[RRRRNNNRRRAAES

©r—2AT-AT 0 AT2AT
FDsa; (D)

Pl

N~ \
. /f \\ -~
[ 17 T T
20T —-AT 0 AT2AT -~
i = fkAT)
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Sampling

sar(®)

LI

AT 24T

A;O\“f/| f\ff‘—l—\] S

f = F(KAT)

. . .
T B R | [ R A
2 -1 0 1 2 -

Sampled signal:
f(t) = £(t) - saT(t)
= i f(t)o(t — nAT)

n=—oo

fk = /Oo f(t)o(t — kAT)dt
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Sampling

Taking the Fourier Transform of the sampled signal:

F(t) = F(t) - sar(t)

fio = /oo F(E)0(t — kAT)dt

—0o0

F{F()} = Fu) = FLF(e) - sar(e)}
= F(p) * S(n)

Myléne Farias (ENE-UnB) IP 21 de Margo de 2017 14 / 107



Sampling

Taking the Fourier Transform of the sampled signal:

f(t) = f(t)-sat(t)

fio = /oo F(E)0(t — kAT)d

—0o0

F{F()} = Fu) = FLF(e) - sar(e)}
= F(p) * S(n)

One more property: The FT of the convolution
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Sampling

F(£) + h(t) = /oo F(r)h(t — 7)dr

—0o0

F{f(t)* h(t)} = /_o; U_Z f(T)h(t — T)df} e J2mHt gt
-/ Z f(r) [ / Z h(t - T)e_jzwtdt] dr

21 de Margo de 2017 15 /
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Sampling

F(£) + h(t) = /oo F(r)h(t — 7)dr

—0o0

F{f(t)* h(t)} = /_o; U_Z f(T)h(t — T)df} e J2mHt gt
-/ Z f(r) [ / Z h(t - T)e_jzwtdt] dr

F{h(t)) = Hi()
Fine— o)) = [

—0o0

(o)
= eﬂﬂm/ h(tl)esz’”“l)dtl

—00

h(tl)e—j27ru(t1+7) dty

h(t — 7)e 2™ tdt = /

—0o0

= H(u)e 2"
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Sampling

F{F(t)  h(t)} = / U )h(t—T)dT]eﬂ”“tdt
_ /_ Z £(r) [ /_ Zh(t—T)e_jzwtdt] dr

F{h(t — to)} = H(p)e 2™

F{f(t)* h(t)} = / - f(7) [H(n)e 2™7] dr

= H(w) [ e dr = H(F (1)
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Properties of the Fourier Transform

Convolution

F(t)  h(t) = F(u)H(n)

v
Modulation

F(t) - h(t) = F(u) * H(p)
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Sampling

Fu) = F{F(e)} = F(u) = FLF(D) - sar(0)}
= F(u) = F {sa7(t)} = F(1) * S(1)
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Sampling

Fu) = F{F(e)} = F(u) = FLF(D) - sar(0)}
= F(u) = F {sa7(t)} = F(1) * S(1)

st 5 o647

—0o0
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Sampling

Fu) = F{F(e)} = F(u) = FLF(D) - sar(0)}
= F(p) = F{sat(t)} = F(u) = S(p)

st 5 o647

— 00
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Sampling

F) = Fu) + S0 = [~ F()S(u =)
—AlT/ZF(T)n:ima(u—T—A”T)dT
::Tniw/_zp(f)a(u—f—&)df
S
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Sampling

F) = Fu) + S0 = [~ F()S(u =)
—AlT/ZF(T)n:ima(u—T—A”T) dr
:;Tnioo/_zp(f)a(u—f—&)df
-

The FT F(u) of the sampled signal 7(t):
@ sequence (peridical and infinite) of shifted copies of F(u);
@ the separation between the shifted copies is ﬁ;
@ continuous function (F ().
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Sampling

Flp)
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Sampling

Fiw)
1 . .
[.\ .@ A7 Is the sampling rat.e
Fim used to generate the discrete

signal;
/\ /\ \ /\ /\ @ From the spectrum, what
- 1 .
.1.!'.1]" l!-'.-_\.T 0 1,-;‘5? : » value of AT
iy o big enough;
o sufficient;

. /\/\/\/\/\ e too small.
| [

| | | | | | s
/AT -ZAAT -Ll/aT ] 1/aT  ZJAT  5/AT
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Sampling

Fip)
\ 1 . .
| .@ A7 Is the sampling rat.e
Fim used to generate the discrete
signal;
/\ /\ /\ /\ /\ @ From the spectrum, what
- 1 .
.1.!'.1]" a7 0 1,-;‘5? :,.'!:\T value of AT"
Fi e big enough;
o sufficient;
. /\/\/\/\/\ e too small.
—-:La‘r —1/AT i 141 241 ) What is the minimum
Fie) distance?
| | | | | | L
34T Z/AT LAl 0 1/4T /AT 3/AT
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Sampling Theorem

Assuming that a signal f(t) have a Fourier Transform with zero values
outside the interval [—ftmax, fimax], i.€., a signal with a limited bandwidth.

Flu)

T s 1 Mooz
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Sampling Theorem

What conditions must be satisfied for the sinal to be recovered without
major problems? (without the superposition of the signal)

Fip)
i "
Fiw)
2AT 1T " 14T 3AT
Flwy
M/ \/\/\ p
=2/AT =1/A7 ] AT 2T
Fip)
| | | | | | -p
AT -ZAT -LAT 0 LjAT  ZAT  3AT
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Sampling Theorem

Myléne Farias (ENE-UnB)

> 2fbmax = fs

Nyquist rate — Sampling Theorem

Fle
0
Flwy
/NSNNSN/N
20AT LAT 0 1/AT /AT
Fiwy
| -n
AT -1 n ar 2
Flay
| | | | | -
3/AT -2/AT L/AT o 1/AT  2/aT  3/aT
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Sampling Theorem

How to recover the signal?
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Sampling Theorem

How to recover the signal? Consider a signal h(t), whose Fourier
transform is given by:

. AT if—Umax < B < fmax
H(u) = { 0 otherwise

When we multiply a periodic sequence by the function:

F(u) = H(p)F (1)

Then, we obtain f(t) by taking the inverse Fourier Transform of F(u)

(0= [ Fe

—00
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Sampling Theorem

Low-Pass Filter:

His) = {

Myléne Farias (ENE-UnB)

AT

0

/\r‘! s
P

if—Umax < B < fmax
otherwise

Flu

/\
‘
—a/aT

VAVANS

I
—1/aT 0 1/AT 2/AT
Hu)
AT
u
a
Flp) = H(n)F(p)
1
1
1
1
1
1
|
"

IP
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Sampling Theorem

What happens when the Nyquist rate is not respected?
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Sampling Theorem

What happens when the Nyquist rate is not respected? [ ALIAS!

Flp)
0
Flp)
AT 1/AT 0 1/a7 AT
f\m
—2/AT — 1787 " /a7 AT
Fip)
| | | [} | I "
AT AT /AT ] 1/AT 2/AT 3/AT
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Sampling Theorem

What happens when the Nyquist rate is not respected? [ ALIAS!

F(w)

~ Hmax Homax

L7 N

t } } 4 t }
~3/AT —2/AT —1/AT 0 /AT 2/AT  3/AT
H(p)

AT

0

F(u) = H(u)F(u)

N

“Hmax 0 Mmax
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Sampling Theorem

@ Alias cannot be avoided ... Even if the signal is limited in band ...

1 if0o<t<T
hp(t) = { 0 otherwise

@ The convolution of hy(t) and f(t) generates a signal with infinite

frequencies;
fn F(pu) 1F(uw)l
AW
A
t m m
-W/2 0 W2 L ALOXN
W W 2/W —JI/W W AW+

abc

FIGURE 4.4 (a) A simple [unclion; (b) its Fourier transform; and (c) the spectrum. All [unctions extend to
infinity in both directions.
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Sampling Theorem

Myléne Farias (ENE-UnB) IP 21 de Margo de 2017 30 / 107



Sampling Theorem

= [ (HuEw) ey
= h(too* f(t)
as 00
f(t) = f(t)sar(t) = > F(t)o(t—nAT)
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Sampling Theorem

as
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Discrete Fourier Transform

@ A TF de um sinal de um sinal amostrado e limitado em banda, se
extende no tempo de —oo a 0o e é uma funcdo continua e periddica;
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Discrete Fourier Transform

@ A TF de um sinal de um sinal amostrado e limitado em banda, se
extende no tempo de —oo a 0o e é uma funcdo continua e periddica;

@ Na prética, devemos ter um niimero finito de amostras;

@ E uma transformada adequada.
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Discrete Fourier Transform

@ A TF de um sinal de um sinal amostrado e limitado em banda, se
extende no tempo de —oo a 0o e é uma funcdo continua e periddica;

@ Na prética, devemos ter um niimero finito de amostras;
@ E uma transformada adequada.

Fiu = [ Foe e

:/ Z f(t)o(t — nAT)e J2mHtdy,

n=—oo

= Z/ f(t)o(t — nAT)e J2mHtdy,

n=—00
00
_ f e7j27r,unAT
= E n
n=—00
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Discrete Fourier Transform

e Como F (1) é continuo e periédico com periodo 1/AT

@ Logo, para caracterizagdo do sinal precisamos apenas de 1 periodo
amostrado de F(pu).
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Discrete Fourier Transform

e Como F (1) é continuo e periédico com periodo 1/AT
@ Logo, para caracterizagdo do sinal precisamos apenas de 1 periodo
amostrado de F(pu).
o Suponha que em um periodo (0 < p < 1/AT) de F(u) queremos
coletar M amostras:
m

:W, m:0,1,2,...,M—1.

I

Myléne Farias (ENE-UnB) IP 21 de Margo de 2017 32 /107



Discrete Fourier Transform

e Como F (1) é continuo e periédico com periodo 1/AT
@ Logo, para caracterizagdo do sinal precisamos apenas de 1 periodo
amostrado de F(pu).
o Suponha que em um periodo (0 < p < 1/AT) de F(u) queremos
coletar M amostras:
m

:W, m:0,1,2,...,M—1.

I

,E(/'L): Z f‘ne—j27rp,nAT

n=—0o0

Fm = fne—j27rmn/M m:O71a2a"'7M_ L
n=0

Esta é expressao da TF discreta que estamos procurando.
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Discrete Fourier Transform

Discrete Fourier Transform (TDF) - Direct

M-1
Flu)=Y_ f(x)e ™M m=012,... M-1

x=0

Discrete Fourier Transform (TDF) - Inverse

M-1
1 .
flx) = 17 > F)e?™ /M x=0,12...,M -1

u=0
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Discrete Fourier Transform

F(u) = F(u+ kM)
F(x) = f(x + kM)
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Discrete Fourier Transform

F(u) = F(u+ kM)
F(x) = f(x + kM)

And the convolution? Circular Convolution
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Discrete Fourier Transform

F(u) = F(u+ kM)
F(x) = f(x + kM)

And the convolution? Circular Convolution

Relation between spatial sampling and frequency intervals
T =MAT

Au=1/(MAT)=1/T
Q=MAu=1/AT
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Discrete Fourier Transform

N-1, rkn : AN
X[k = { GE“:O ap]WE, 0<k<N-1

3

ool = { /N

N—1

?
C.C.

P XEWT o< N -1

C.C.

A partir destas relagdes que definimos a Transformada Discreta de Fourier (TDF) de N amostras.

Anidlise:

Sintese:

Myléne Farias (ENE-UnB)

N-1

n=0

X[K =" an]whr

0<k<N-1, (18)

Wy = e—jﬂwn/N .

N-1

k=0

aln] = 1/N Y X[k]W*"

, 0<n< N -1 (19)

IP
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DFT of a step signal of length 5:

SIS

(h)
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DFT of a step signal of length 5:

4
Xkl => 1e )k = 55[k — r . 5]
n=0

2 X[k|
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DFT of a step signal of length 10:

i
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DFT of a step signal of length 10:

4
;([k] — Z lefj(27r/10)~kn —
n=0

1—eJCmk o—J(4m/10)k sin(mk/2)

1 — e—J@r/5)k sin(rk/10)
(b)
5 1X K]l
3.24 324
II 124 1.24 I
PR .
-10 0 10 k
(e)
04 n gl
02w
10 k

10 0 1
=047
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2D Signals

8(x = X0,y = yu)
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2D Signals

FIGURE 4.13 (a) A 2-D function, and (b) a section of its spectrum (not to scale). The
block is longer along the f-axis, so the spectrum is more “contracted” along the p-axis.
Compare with Fig. 4.4.
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2D Signals

Footprint of an

ideal lowpass
/ (box) filter

N PANS

N
<~

i""' max

=
=
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Discrete Fourier Transform

Flu) = gy TSI o y)e O G
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Discrete Fourier Transform

Flu) = gy TSI o y)e O G

y) = M SN Fu, vy (i
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Discrete Fourier Transform

Fu,v) = gy S0 S0 F(x, y)e 7@ (it

M-S INL E(,v) el G (it

f(x,y) =

Magnitude:

F(u )] = [Ruv) + P )] 2

Fase:

|¢(u, v)| = arctan [/(U, v)}

R(u,v)
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Fourier transform

Inverse Fourier
transform

Polar
representation

Spectrum

Phase angle
Power spectrum
Average value

Translation

Myléne Farias (ENE-UnB)

M-1 N-1

F(u ?J — Z f(X, y)e-'jlw(u.(fM{—uy/N)
=

a

0 y=0

E EF(M ,U)e;br (ux/M+uvy/N)

u=0 v=0

F(u,v) = |F(u, v)|e 7"

|F(u, v)| = [R2(, %) + I*(w.v)]'"", R = Real(F)and

I = Imag(F)
[ (e w)
¢(u,v) = tan [R(u, 'b‘)il
P(u,v) = |[Fu, o)
flx.y) = F(0,0) = E Ef(x y)

Flx, y)eRrtas/M i) oo Flu = uy, v = )
flx = xpy — ) = Flu, v)e”’“""‘/MJ'"["M
When x, = u, = M/2and y, = vy, = N/2, then
Fx, Y (=17 & Flu — M/2,v — N/2)

flx = M/2,y = Nj2) & Flu,v)(-1)""
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Conjugate
symmetry

Differentiation

Laplacian

Distributivity

Scaling

Rotation

Periodicity

Separability

Myléne Farias (ENE-UnB)

Flu,v) = F'(~u,~v)
|F(u, v)w = |F(-u, -}

a"fx, ¥)
H.x"

(—jx)"f(x, ¥) &

< (ju)"F(u,v)
a"F (i1, v)

au"

Vif(x, v) < —(? + v)F(u,v)

I[filxy) + flx )] = A )] + A 21
[ ) - flx )] = 3 Ailx 0] - ?‘[fz(x »l

af(x,y) < aF(u,v), f(ax, by) < F(u/a, v/b)

| b\
x = rcosf y = rsiné U= wcose v = wsing
F(r 0+ 0,) < Flo, o + 0,)

Flu,v) = Flu+ M,v) = Flu,v + N) = Flu+ M, v + N)
flx,y) = f(x + M,y) = flx,y + N) = f(x + M,y + N)

See Eqs. (4.6-14) and (4.6-15). Separability implies that we can
compute the 2-D transform of an image by first computing 1-D
transforms along each row of the image, and then compulting a
1-D transform along each column of this intermediate result.
The reverse, columns and then rows, yields the same result.
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2D Aliasing
ab

@ |l
FIGURE 4.16 Aliasing in images. In (a) and (b), the lengths of the sides of the squares
are 16 and 6 pixels, respectively, and aliasing is visually negligible. In (c) and (d), the

sides of the squares are 0.9174 and 0.4798 pixels, respectively, and the results show
significant aliasing. Note that (d) masquerades as a “normal” image.
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abc

FIGURE 4.17 Illustration of aliasing on resampled images. (a) A digital image with negligible visual aliasing.
(b) Result of resizing the image to 50% of its original size by pixel deletion. Aliasing is clearly visible.
(c) Result of blurring the image in (a) with a 3 X 3 averaging filter prior to resizing. The image is slightly

more blurred than (b), but aliasing is not longer objectionable. (Original image courtesy of the Signal
Compression Laboratory, University of California, Santa Barbara.)

arias (ENE-UnB) 21 de Margo de 2017
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abec
FIGURE 4.18 Illustration of jaggies. (a) A 1024 < 1024 digital image of a computer-generated scene with

negligible visible aliasing. (b) Result of reducing (a) to 25% of its original size using bilinear interpolation.
(c) Result of blurring the image in (a) with a 5 X 5 averaging filter prior to resizing it to 25% using bilinear
interpolation. (Original image courtesy of D). P. Mitchell, Mental Landscape, LLC)
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2D Aliasing

ab

FIGURE 4.19 Image zooming. (a) A 1024 x 1024 digital image generated by pixel
replication from a 256 X 256 image extracted from the middle of Fig. 4.18(a).
(b) Image generated using bi-linear interpolation, showing a significant reduction in

jaggies.
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TFD-2D Properties

Spatial Domain’

Frequency Domain’

1)
)
)
)
)

= L

=

~ D

e

~

10
1
1
13

= Q

2

)
)
)
9)
)
)
)
)

Jx,y) real

f(x,y) imaginary

f(x,y) real

f(x, y) imaginary

J(—x, —y) real

f(—=x, —y) complex

F(x, y) complex

f(x.y) rcal and cven

JS(x, y) real and odd
f(x,y) maginary and even
f(x,y) imaginary and odd
f(x, v) complex and even

f(x, y) complex and odd

rsstre oD

—

Fu,v) = F(—u, —v)
F'(—u, —v) = —F(u, v)
R(u,v)even; I(x, v) odd
R(u, v) odd; I{u, v) even
F*(u. v) complex

F(—u. —v) complex
F*(—u — v) complex
F(u, v)rcal and cven

F(u, v) imaginary and odd
F(u, v)imaginary and even
F(u. v)real and odd

F(u, v)complex and even

F (i, v) complex and odd

Recall that x, y, «. and @ are discrete (integer) variables, with x and « in the range [0, M — 1].and y, and
v in the range [0, N — 1]. To say that a complex function is even means that its real ane imaginary parts

arc even. and similarly for an odd complex function.
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TFD-2D Properties

Two back-to-back
periods meel here.
s e -u
.
N
M=l
Fiu)
Two back-to-back -
periods meet hete,
| e e = “
o — M2 1

~— One period (M samples) —=

(0.0) ~ N/2—N = 1~
T

. M=

1
Four back-to-back
periods meel here

M—1—| Flu,v)
vu A

/

/
Four back-to-back /
petiods meet here.

Periods of the DFT.

1=
= M x N data array, Fu, ).
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TFD-2D Propertles
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TFD-2D Properties
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TFD-2D Properties

abe

FIGURE 4.26 Phase angle array corresponding (a) to the image of the centered rectangle
in Fig. 4.24(a), (b) to the translated image in Fig. 4.25(a), and (c) to the rotated image in
Fig.4.25(c).
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TFD-2D Properties

abec
de f

onstruction
rum corresponding to
2 g g se of the rectangle and the
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TFD-2D Properties

Name DFT Pairs

1) Symmeltry See Table 4.1

properties
2) Linecarity afi(x. y) + bf(x. y) = aFj(u. ¢) + bF(u. v)
3) Translation Flo, yyePriwsiMzmes/N) o Py — 1y v — ay)

(general) Flx — X0y — yo) &= Flu. v)e Tt My
4) Translation fle. v~y e Flu — M/2.v — NJ2)

to center of Flx — M2y — N/2) & Flu, v)(— 1

the frequency

rectangle,

(M/2,NI2)
5) Rotation flr.0 + 0g) = Flw, ¢ + 0y)

X=rcos y=rsin® u=wmcose ¥=eosNg

6) Convolution flx, vy&h(x, y) = F(u, o)H(u, v)

theorem’ flx. via(x, y)= Flu, v)* H(u, »)

(Continued)
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TFD-2D Properties

Name DFT Pairs
7)  Correlation f(x y)yerh(x, y) = F'w, v) H(w. v)
theorem’ f (x. y)h(x.y) &= F(u.v)% H(u v)
8) Discrete unit Slx.y)e1
impulse
sin{srua) sin{zob) _,
9) Rectangle rect[a, b] < ab¥¥e_ﬁ(“””‘b)
(rua)  (wob)
10) Sine sin(2wugy + 2megy) =
1
j;[ﬁ(u + Mug. v+ Nvgy — 8(u— Mug, v— Nz,-u)}
11) Cosine cos(2mugx + 2mwgy) =

Lro

;[h(u + Muy, v + Nvg) + (1 — Mug, v — NL‘“)}
The following Fourier transform pairs are derivable only for continuous variables,
denoted as before by 7 and z for spatial variables and by p and » for frequency
variables. These results can be used for DFT work by sampling the continuous forms.

AN a
2) Differentiation (L) (6_) flt.2) = (Rap)™(2av) Flj. vy
. ar az
(The expressions
on the right amf(r, 7) !‘“f(f 7)
= ! ) m Fa )
assume that am {2 F (e ) At = (2arfE (. v)
fl+oc, +00) = ()

. =72 2 12 .
13) Gaussian A2l TR o, gt (A Is a constant)
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ab
FIGURE 4.29 (a) SEM image of a damaged integrated circuit. (b) Fourier spectrum of

(a). (Original image courtesy of Dr. J. M. Hudak, Brockhouse Institute for Materials
Research, McMaster University, Hamilton, Ontario, Canada.)
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G(u,v) = H(u,v) - F(u,v)
Filter result, after deleting F(M /2, N/2) — eliminating the DC level.
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Filters

Myléne Farias (ENE-UnB) IP 21 de Margo de 2017 63 /

Low-Pass High-Pass High-Pass + DC

Hu, v)

Hiu.v)

abc
de f

FIGURE 4.31 Top row: frequency domain filters. Bottom row: corresponding filtered images obtained using
Lig.(4.7-1). We used @ = 0.85in (c) to obtain (1) (the height of the filter itself is 1). Compare (1) with Iig.4.29(a).




abc

FIGURE 4.32 (a) A simple image. (b) Result of blurring with a Gaussian lowpass filter without padding.
(e) Result of lowpass filtering with padding. Compare the light arca of the vertical edges in (b) and (c).
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Periodicity

ab

FIGURE 4.33 2-D image periodicity inherent in using the DFT. (a) Periodicity without
image padding. (b) Periodicity after padding with Os (black). The dashed areas in the
center correspond to the image in Fig. 4.32(a). (The thin white lines in both images are
superimposed for clarity; they are not part of the data.)
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Periodicity

12 0.04
1=
0.03 —
08 —
06 0.02
04— 0.01 e
bd
02 — FIGURE 4.34
() Original filter
0 specified in the
(cenrered)
0 frequency domein
(hy Spatial
representation
-02 : —0.01 ‘ \ onmnea by
9 compuring the
0 128 255 128 256 384 511 DT o (.
) (¢) Rosult of
0.04 \ 12 \ \ e e
its length (note the
discontinuilics)
1 — () Corresponding
0.03 — Llter im the
o frequency domain
_ obtained b
0.8 computing the DT’
ol (). Noic the
- ringing caused by
0.0 0.6 — the discontinuilics
in(c). (Lhe curves
appear CoNTiINeUS
0.4 | bocause the points
0.01 — N were joined 1o
g simplify visual
analysis)
0.2 =
0
0
—0.01 ‘ —02 ‘ ‘
0 128 255 128 256 384 511
1P 21 de Margo de 2017
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G(u,v)=H(u,v)F(u,v)

G é real, centrado em (P/2,Q/2)

=l =Nl -]
i=pl{¢ Bllon
= 0

FIGURE 4.36
(a)An M X N
image, f.

(b) Padded image,
fpofsize P X Q.
(c) Result of
multiplying f, by
(-1

(d) Spectrum of
F,. (¢) Centered
Gaussian lowpass
filter, H, of size

P x Q.

(f) Spectrum of
the product HF,.
(g) &, the product
of (—1)*" and
the real part of
the IDFT of HF,.
(h) Final result, g,
obtained by
cropping the first
M rows and N
columns of g,,.



Filters

H(u) H{(u)
i ac
bd

FIGURE 4.37
(a) A 1-D Gaussian
lowpass filter in the
frequency domain.
(b) Spatial
lowpass fller
corresponding to
(1) (£} Gaussian
highpass Hller in
the frequency

123

domain. [d} Spatial

u hig hpass filtcr
h(x corresponding Lo
( ) h (x) (). The small 2-D
masks shown arc
—1—1-1 spatial filters we
18 -1 used in Chapler 3.
—1/-1-1
1
2
1
A x
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FIGURE 4.38

(a) Image of a
building, and

(bl its spectrum.
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FIGURE 4.39

(2) A spatial
mask and
perspective plat
olils

correspondi
Irequency domain
filter. (b) Hlter
shown as an
image. (¢) Result
of flltering
Tig.4.38(a) in the
frequency domain
with the filter in
(b). () Resull of
filtering the same
image wilh the
spalial filtcr in
().’ Ihe resulls
are identical



Low-Pass Filters

H(u, v)

Hu, v)
—=

TS

1 (e,

Dy
abc

FIGURE 4.40 (a) Perspective plot of an ideal lowpass-filter transfer function. (b) Filter displayed as an im
(c) Filter radial cross section.
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FIGURE 4.41 (a) Test pattern of size 688 <X 688 pixels, and (b) its Fourier spectrum. The
spectrum is double the image size due to padding but is shown in half size so that it fits
in the page. The superimposed circles have radii equal to 10, 30, 60. 160, and 460 with
respect to the full-size spectrum image. These radii enclose 87.0, 93.1, 95.7, 97.8, and
99.2% of the padded image power, respectively.




Ideal Filter

ab

FIGURE 4.43

() Represenlation
inthe spatial
domain of an
ILIPF of radins 5
and size

L1000 1000,
(b) Intensity
profile of a
horizontal line
passing through
the center of the
image.
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Ideal Filter

e
.xnmE N -
cee a pi .
A '
azaaaaad
1 Filter Ideal: Cutoff frequencies:
kel AL L1 radius 10, 30, 60, 160 e 460.
200 a AR a Power energy removed by these

‘ ”””m filter: 13, 6.9, 4.3, 2.2, ¢ 0.8% of
the total energy.

«abbBBA2 | ..;auniﬂiaﬁ

od G o a
I = I

2aaaaddd a.aaaaadd

Myléne Farias (ENE-UnB) 21 de Margo de 2017 74 / 107



Butterworth Filter

H(u, v)

—v 10

D (i, v)

abc

FIGURE 4.44 (a) Perspective plot of a Butterworth lowpass-filter transter function. (b) Filter displayed as an
image. (c) Filter radial cross sections of orders 1 through 4.

1
14 [D(u,v)/ Do)

H(u,v)
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Filter Butterwor

In time:

abcd

FIGURE 4.46 (a)-(d) Spatial representation of BLPFs of order 1, 2, 5, and 20, and corresponding intensity
profiles through the center of the filters (the size in all cases is 1000 % 1000 and the cutoff frequency is 5).
Observe how ringing increases as a function of filter order.
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Butterworth Filter

SREYE ] | ..
(XX ) a ‘
I
poeaAaEd | Butterworth Filter: Cutoff
enmn T frequencies with radius equal to
a X a 10, 30, 60, 160 and 460. Power
— A energy removed by these Filters:
I [T 13, 6.9, 4.3, 2.2, e 0.8% of the
sasnaad ||sa0aaaaa total energy.
,.....-. ...-....

M = TN 2

aaaaaaadd a.aaaaaad
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Gaussian Filters

Hu, »)

abc

FIGURE 4.47 (a) Perspective plot of a GLPF transfer function. (b) Filter displayed as an image. (c) Filter
radial cross sections for various values of .

H(u, V) _ e—DQ(u,v)/ZDg
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Gaussian Filters

Gaussian Filter: Cutoff
frequencies with radius equal to
10, 30, 60, 160 and 460. Power
energy removed by these Filters:
13, 6.9, 4.3, 2.2, € 0.8% of the
total energy.
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Summary — Filters

TABLE 4.4
Lowpass filters. Dy is the cutoff frequency and n is the order of the Butterworth filter.
Ideal Butterworth Gaussian
1 il D(u, v) = Dy 1 D(ww)/2D2
H(u,v) = Huov)=——————— H(u, v) = ¢ D@2)/2Ds
() {0 if D(u,v) > Dy (u, ©) 1+ [D(u, v)/De] > (1, 0)
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Examples — Filters

Historically, certain computer
programs were written using
only two digits rather than
four to dafine the applicable
yaar. Accordingly, the
company's software may
rReoanize a date using "00"
as 1900 rather than the y/c.—_.;|r

i

Myléne Farias (ENE-UnB)

Historically, certain computer
programs were written using
only two digits rather than
four to define the applicable
year. Accordingly, the
company's software may
recoqnize a date using "00"
as 1900 rather than the y}ﬁr

€a

1P 21 de Margo de 2017
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FIGURE 4.49

(a) Sample text of
T rescition
{nore broken
characters in
magnifid view)

chi
sepments were
juined).

i

81 /107



Examples — Filte

abc
FIGURE 4.50 (a) Original image (784 > 732 pixels). (b) Result of filtering using a GLPF with 1), = 100

(c) Result of filtering using a GLPF with ), = 80. Note the reduction in fine skin lines in the magnified

sections in (b) and (c).
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Examples — Filters

abc

FIGURE 4.51 (a) Image showing promincnt horizontal scan lincs. (b) Result of filtering using a GLPF with
Dy — 50. (¢) Result of using a GLPF with Dy — 20. (Original image courtesy of NOAA.)
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High-Pass Filters:

Hup(u,v) =1— Hip(u, v)

TABLE 4.5
Highpass filters. Dyis the cutoff frequency and » is the order of the Butterworth filter.
Ideal Butterworth Gaussian
)1 it D(w.v) =D, _ 1 _ 1 Duw)2Di
H(u, v} = {0 if D(u,v) > Dy H(u.v) = 15 1D Dim o [Dy/ Diae, 0" Hu,v)=1-¢ ]
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High-Pass Filters

H(u,v)

!

H(u,v)
t

H(u,v)

- ~.
abec
de f
ghi

H(u,v)

A
vio—

R )]

u

H(u, v)

s

v 10
D, v)

H(u,v)

s

Y10
D, v)

FIGURE 4.52 Top row: Perspective plot, image representation, and cross section of a typical ideal highpass
filter. Middle and bottom rows: The same sequence for typical Butterworth and Gaussian highpass filters.

Ideal

Butterworth

Gaussian
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Spatial Representation

—\,/-\\_//\\ f\/‘\,r - — —_—
‘ \\ //
\\ {

abe

FIGURE 4.53 Spatial rcprescntation of typical (a) idcal, (b) Buttcrworth, and (¢} Gaussian frequency domain
highpass filters, and corresponding intensity profiles through their centers.
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|deal High-Pass Filters

abec

FIGURE 4.54 Results of highpass filtering the image in Fig. 4.41(a) using an IHPF with D, = 30, 60, and 160.
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abec

FIGURE 4.55 Results of highpass filtering the image in Fig. 4.41(a) using a BHPF of order 2 with Dy = 30, 60,
and 160, corresponding to the circles in Fig. 4.41(b). These results are much smoother than those obtained
with an IHPE
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Gaussian High-Pass Filters

abec

FIGURE 4.56 Results of highpass filtering the image in Fig. 4.41(a) using a GHPF with D, = 30, 60, and 160,
corresponding to the circles in Fig. 4.41(b). Compare with Figs. 4.54 and 4.55.

Myléne Farias (ENE-UnB) IP 21 de Margo de 2017 89 / 107



FIGURE 4.57 (a) Thumb print. (b) Result of highpass filtering (a). (c) Result of
thresholding (b). (Original image courtesy of the U.S. National Institute of Standards
and Technology.)
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Laplacian Filter

g(x,y) = f(x,y) — V*f(x,y)
g(x,y) = F H{[1+ (u—M/2)?(v = N/2)?] F(u,v)} f(x,y)
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ab

FIGURE 4.58

(a) Original,
blurry image.

(b) Image
enhanced using
the Laplacian in
the frequency
domain. Compare
with Fig. 3.38(e).
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glx,y) = f(x,y) — fLp(x,y) fu(x,y) = Af(x,y) — frp(x, y)

fue(x,y) = (A—=1)f(x,y) + f(x,y) — fip(x,y)
and
fan(x,y) = (A= 1D)f(x,y) + fup(x, y)

HHP(U7 V) =1- HLP(Uy V)

HHB(U, V) = (A — 1) + HHP(U7 V)
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Example
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Sl y)=> I;'>

DET

H(u,v) I::>(DFT)’1 I;> exp I> glx,y)

H(u,v)

YH - =

YL

FIGURE 4.61
Radial crass
section vl a
circulary
symmetric

homomry
filler function
The verlical uxis is
al the cenler of
the Irequency
rectangle and

Diw, vy is the
distanue (rom the
center.
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Homomorphic Filtering

fx,y) =i(x,y) r(x,y)

But,
TE{f(x, y)} # TF{i(x,¥)} - TE{r(x,y)}
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Homomorphic Filtering

f(x,y)=1i(x,y)-r(x,y)

But,

TE{f(x,y)} # TF{i(x, )} - TE{r(x,y)}
Considering that

z(x,y) =Inf(x,y) =Ini(x,y) +Inr(x,y),
We have:

TF{z(x,y)} = TF{Inf(x,y)} = TF{Ini(x,y)} + TF{Inr(x,y)}.
So:

Z(u,v) = Fi(u,v) + F(u,v)
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Homomorphic Filtering

S(u,v) = H(u,v)-Z(u,v)
= H(u,v)Fi(u,v) + H(u, v)F.(u, v)

S(X,_)/) = TF_l {S(U, V)}
= TF* {H(u, v)Fi(u,v)} + TF " {H(u, v)F/(u,v)}

i'(x,y) = TF"Y {H(u, v)Fi(u,v)}
r’(X,y) = TF_l {H(u, V)Fr(ua V)}

s(x,y) =i"(xy)+r'(xy)
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Homomorphic Filtering

g(an) = es(x,y)
o) L o (x)

= iO(Xa.y) ’ rO(X’y)

flx,y) &> I |:>

DFT

L.,

H(u,v)

L.

(DFT)!

I:> exp |i>g(x.y)
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Homomorphic Filtering

@ lllumination - low-frequency spatial variations
@ Reflectance abrupt variations
@ Homomorphic Filtering treat low and high frequencies differently

H(u,v) = (= 70) [L = e (P00 4oy

T; 3
Hlw, )

vy < landyy > 1,

Pl — e — — = —

YL

D)

Myléne Farias (ENE-UnB) IP 21 de Margo de 2017 99 / 107



Example: Homomorphic Filtering
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Band-reject and Band-Pass Filters

HBP(U, V) =1- HBR(U, V)

TABLE 4.6

Bandreject filters. W is the width of the band, D is the distance D(x, v) from the center of the filter, Dy is the
cutoltf frequency, and » is the order of the Butterworth filter. We show [ instead of [)(u, v) to simplity the
notation in the table.

Ideal Butterworth Gaussian

r 1
w W g =—
1] if —— =D = 4 — (MUJ e
Huwn =" TH73 D3 N TR
I otherwise D’ - D}
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Band-reject and Band-Pass Filters

ab

FIGURE 4.63

(a) Bandreject
Gaussian filter.

(b) Corresponding
bandpass filter.
The thin black
border in (a) was
added for clarity; it
is not part of the
data.
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b ¢

HGURE 5.18 Perspective plots of (a) ideal, (b) Butterworth (of order 2),and (c) Gaussian
notch (reject) filters.
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Notch Filters

@ Ideal:

H(u.v) = {0, ifDy(u, v) < Do ou Da(u, v) < Do

1, otherwise

Da(u,v) = |(u=M/2= wo)* + (v = N/2 = w)’| "

Da(u,v) = [(u— M/2+ uo)® + (v = N/2+ )]

o Butterworth:

@ Gaussian:

1/2

1

H(U V) e
’ D2 n

2

_1
H(va):]-—e 2[ Dy

Myléne Farias (ENE-UnB)
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FIGURE 4.64

(a) Sampled
newspaper image
showing a

moiré pattern.
(b) Spectrum.

(c) Butterworth
notch reject filter
multiplied by the
Fourier
transform.

(d) Filtered
image.
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Notch Filters

ah
e

FIGURE 4.65

(ahord < 674

shiwimcarly
periodic
intecterence.

(by Spectium: The
bursts of e ey
in the vertieal s
near the erigin
womespond o the
intertercacs
pattern. () A
veutical noteh
rejet filler

(U Reult of
filtering. The thin
black border in
(¢ was adcled Lot
clanity;i is not
part of the daza.
(Original image
courtesy

ol Dr. Rohert

A Wesl,
NASAIPL )
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Notch Filters

i b

FIGURE 4.66
(a) Result
{spectium) of
applying a notch
pass filter to

the DOT of

Fig. 4.65(a)

by compuling the
T of (1)
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