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Série de Fourier

Mylène Farias (ENE-UnB) PI 29 de Março de 2016 2 / 108



Série de Fourier

Série de Fourier

Análise

f (t) =
∞∑

n=−∞
cne

j 2πnt
T

Śıntese

cn =
1

T

∫ T/2

−T/2
f (t)e−j

2πnt
T dt
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Transformada de Fourier Cont́ınua 1-D

Transformada de Fourier Cont́ınua

Análise

F {f (t)} = F (µ) =

∫ ∞
−∞

f (t)e−j2πµtdt

Śıntese

f (t) =

∫ ∞
−∞

F (µ)e j2πµtdµ
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Transformada de Fourier Cont́ınua 1-D

Exemplo 1: Calcule a TF de f (t)

f (t) =

{
0 se |t| >W /2
A se |t| ≤W /2

F (µ) =

∫ ∞
−∞

f (t)e−j2πµtdt =

∫ W /2

−W /2
Ae−j2πµtdt

=
−A
j2πµ

[
e−j2πµt

]W /2

W /2
=
−A
j2πµ

[
e−jπµW − e jπµW

]
= AW

sin(πµW )

πµW
= AW sinc(µW )

Mylène Farias (ENE-UnB) PI 29 de Março de 2016 5 / 108



Transformada de Fourier Cont́ınua 1-D

Exemplo 1: Calcule a TF de f (t)

f (t) =

{
0 se |t| >W /2
A se |t| ≤W /2

F (µ) = AW sinc(µW )

Mylène Farias (ENE-UnB) PI 29 de Março de 2016 6 / 108



Transformada de Fourier Cont́ınua 1-D

Exemplo 2: Calcule a TF de f (t) = δ(t)

F (µ) =

∫ ∞
−∞

f (t)e−j2πµtdt

=

∫ ∞
−∞

δ(t)e−j2πµtdt = e−j2πµ0 = 1

Exemplo 3: Calcule a TF de f (t) = δ(t − t0)

F (µ) =

∫ ∞
−∞

f (t)e−j2πµtdt

=

∫ ∞
−∞

δ(t − t0)e−j2πµtdt = e−j2πµt0

= cos(2πµt0)− j sin(2πµt0)
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Transformada de Fourier Cont́ınua 1D

Exemplo 4: Calcule a TF de um trem de impulsos�� ��s∆T (t) =
∑∞

n=−∞ δ(t − n∆T )
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Transformada de Fourier Cont́ınua 1D

F {f (t)} = F (µ) =

∫ ∞
−∞

f (t)e−j2πµtdt

f (t) =

∫ ∞
−∞

F (µ)e j2πµtdµ

Propriedade de Simetria

f (t)→ F (µ)

F (t)→ f (−µ)

Sabendo que:
δ(t − t0)→ e−j2πt0t

temos
e−j2πt0t → δ(−µ− t0)

fazendo −t0 = a
e j2πat → δ(−µ+ a) = δ(µ− a)
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Transformada de Fourier Cont́ınua 1D

Exemplo 4: Já que s∆T (t) =
∑∞

n=−∞ δ(t − n∆T ) é um sinal periódico,
podemos expressar o trem de impulsos utilizando a série de Fourier

s∆T =
∞∑

n=−∞
cne

j 2πn
∆T

t

onde

cn =
1

∆T

∫ ∆T/2

−∆T/2
s∆T (t)e−j

πnt
∆T dt

=
1

∆T

∫ ∆T/2

−∆T/2
δ(t)e−j

πnt
∆T dt

=
1

∆T
eO =

1

∆T

s∆T =
1

∆T

∞∑
n=−∞

e j
2πn
∆T

t
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podemos expressar o trem de impulsos utilizando a série de Fourier
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Transformada de Fourier Cont́ınua 1D

Exemplo 4:

F {s∆T} = F

{
1

∆T

∞∑
n=−∞

e j
2πn
∆T

t

}

F
{
e j

2πn
∆T

t
}

= δ
(
µ− n

∆T

)

F {s∆T} = S(µ) = F

{
1

∆T

∞∑
n=−∞

e j
2πn
∆T

t

}
=

1

∆T
F

{ ∞∑
n=−∞

e j
2πn
∆T

t

}

=
1

∆T

∞∑
n=−∞

δ
(
µ− n

∆T

)
Outro trem de impulsos!

Mylène Farias (ENE-UnB) PI 29 de Março de 2016 11 / 108



Transformada de Fourier Cont́ınua 1D

Exemplo 4:

F {s∆T} = F

{
1

∆T

∞∑
n=−∞

e j
2πn
∆T

t

}

F
{
e j

2πn
∆T

t
}

= δ
(
µ− n

∆T

)

F {s∆T} = S(µ) = F

{
1

∆T

∞∑
n=−∞

e j
2πn
∆T

t

}
=

1

∆T
F

{ ∞∑
n=−∞

e j
2πn
∆T

t

}

=
1

∆T

∞∑
n=−∞

δ
(
µ− n

∆T

)

Outro trem de impulsos!

Mylène Farias (ENE-UnB) PI 29 de Março de 2016 11 / 108



Transformada de Fourier Cont́ınua 1D
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Amostragem
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Amostragem

Sinal amostrado:

f̃ (t) = f (t) · s∆T (t)

=
∞∑

n=−∞
f (t)δ(t − n∆T )

fk =

∫ ∞
−∞

f (t)δ(t − k∆T )dt

= f (k∆T )
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Amostragem

Tomando a Transformada de Fourier do sinal amostrado

f̃ (t) = f (t) · s∆T (t)

fk =

∫ ∞
−∞

f (t)δ(t − k∆T )dt

F
{
f̃ (t)

}
= F̃ (µ) = F {f (t) · s∆T (t)}

= F (µ) ∗ S(µ)

Mais uma propriedade: TF da Convolução
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Amostragem

f (t) ∗ h(t) =

∫ ∞
−∞

f (τ)h(t − τ)dτ

F {f (t) ∗ h(t)} =

∫ ∞
−∞

[∫ ∞
−∞

f (τ)h(t − τ)dτ

]
e−j2πµtdt

=

∫ ∞
−∞

f (τ)

[∫ ∞
−∞

h(t − τ)e−j2πµtdt

]
dτ

F {h(t)} = H(µ)

F {h(t − t0)} =

∫ ∞
−∞

h(t − τ)e−j2πµtdt =

∫ ∞
−∞

h(t1)e−j2πµ(t1+τ)dt1

= e−j2πµτ
∫ ∞
−∞

h(t1)e−j2πµt1)dt1

= H(µ)e−j2πµτ
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Amostragem
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Amostragem

F {f (t) ∗ h(t)} =

∫ ∞
−∞

[∫ ∞
−∞

f (τ)h(t − τ)dτ

]
e−j2πµtdt

=

∫ ∞
−∞

f (τ)

[∫ ∞
−∞

h(t − τ)e−j2πutdt

]
dτ

F {h(t − t0)} = H(µ)e−j2πµτ

F {f (t) ∗ h(t)} =

∫ ∞
−∞

f (τ)
[
H(µ)e−j2πµτ

]
dτ

= H(µ)

∫ ∞
−∞

f (τ)e−j2πµτdτ = H(µ)F (µ)
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Propriedades da TF

Convolução

f (t) ∗ h(t)→ F (µ)H(µ)

Modulação

f (t) · h(t)→ F (µ) ∗ H(µ)
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Amostragem

F̃ (µ) = F
{
f̃ (t)

}
= F̃ (µ) = F {f (t) · s∆T (t)}

= F (µ) ∗ F {s∆T (t)} = F (µ) ∗ S(µ)

S(µ) =
1

∆T

∞∑
n=−∞

δ
(
µ− n

∆T

)

F̃ (µ) = F (µ) ∗ S(µ) =

∫ ∞
−∞

F (τ)S(µ− τ)dτ

=
1

∆T

∫ ∞
−∞

F (τ)
∞∑

n=−∞
δ
(
µ− τ − n

∆T

)
dτ
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Amostragem

F̃ (µ) = F (µ) ∗ S(µ) =

∫ ∞
−∞

F (τ)S(µ− τ)dτ

=
1

∆T

∫ ∞
−∞

F (τ)
∞∑

n=−∞
δ
(
µ− τ − n

∆T

)
dτ

=
1

∆T

∞∑
n=−∞

∫ ∞
−∞

F (τ)δ
(
µ− τ − n

∆T

)
dτ

=
1

∆T

∞∑
n=−∞

F
(
µ− n

∆T

)

A TF F̃ (µ) do sinal amostrado f̃ (t):

É uma sequência (periódica e infinita) de cópias de F (µ) deslocadas;

A separação entre as cópias é 1
∆T ;

É uma função cont́ınua (F (µ) é cont́ınua);
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Amostragem
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Amostragem

1
∆T é a taxa de amostragem
usada para gerar o sinal
discreto;

Na figura, temos o espectro
para valores de 1

∆T :

grande “suficiente”;
“suficiente”;
menor do que o ḿınimo
necessário.

Qual é o valor ḿınimo?
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Teorema da Amostragem

Assumindo que um sinal f (t) tenha transformada de Fourier com valores
nulos fora do intervalo [−µmax , µmax ], ou seja, o sinal tem banda limitada.
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Teorema da Amostragem

Que condição devemos satisfazer para que o sinal seja recuperado sem
maiores problemas? (Sem sobreposição dos sinais?)
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Teorema da Amostragem

1

∆T
> 2µmax = fs

Taxa de Nyquist – Teorema de Amostragem
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Teorema da Amostragem

Como recuperar o sinal?

Considere um sinal h(t), cuja transformada de
Fourier é dada por

H(µ) =

{
∆T se −umax ≤ µ ≤ µmax

0 caso contrário

Quando multiplicamos a sequência periódica por esta função

F (µ) = H(µ)F̃ (µ)

Logo, obtemos f (t) tirando a T.F. inversa de F (µ)

f (t) =

∫ ∞
−∞

F (µ)e j2πµtdµ
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Teorema da Amostragem

Filtro passa-baixas

H(µ) =

{
∆T se −umax ≤ µ ≤ µmax

0 caso contrário
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Teorema da Amostragem

O que acontece quando não respeitamos a taxa de Nyquist?

�� ��ALIAS!
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Teorema da Amostragem

Alias não pode ser evitado ... Mesmo que o sinal seja limitado em
banda, ao limitar o sinal no tempo introduzimos frequências infinitas;

hp(t) =

{
1 se 0 ≤ t ≤ T
0 caso contrário

A convolução de hp(t) e f (t) vai gerar um sinal com infinitas
frequências;
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Teorema de Amostragem

f (t) =

∫ ∞
−∞

F (µ)e j2πµtdµ

=

∫ ∞
−∞

(
H(µ)F̃ (µ)

)
e j2πµtdµ

= h(t) ∗ f̃ (t)

como

f̃ (t) = f (t)s∆T (t) =
∞∑

n=−∞
f (t)δ(t − n∆T )

f (t) =
∞∑
−∞

f (n∆T )sinc [(t − n∆T )/n∆T ]
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Transformada Discreta de Fourier

A TF de um sinal de um sinal amostrado e limitado em banda, se
extende no tempo de −∞ a ∞ e é uma função cont́ınua e periódica;

Na prática, devemos ter um número finito de amostras;

E uma transformada adequada.

F̃ (µ) =

∫ ∞
−∞

f̃ (t)e−j2πµtdµ

=

∫ ∞
−∞

∞∑
n=−∞

f (t)δ(t − n∆T )e−j2πµtdµ

=
∞∑

n=−∞

∫ ∞
−∞

f (t)δ(t − n∆T )e−j2πµtdµ

=
∞∑

n=−∞
fne
−j2πµn∆T
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Na prática, devemos ter um número finito de amostras;

E uma transformada adequada.

F̃ (µ) =

∫ ∞
−∞

f̃ (t)e−j2πµtdµ

=

∫ ∞
−∞

∞∑
n=−∞

f (t)δ(t − n∆T )e−j2πµtdµ

=
∞∑

n=−∞

∫ ∞
−∞

f (t)δ(t − n∆T )e−j2πµtdµ

=
∞∑

n=−∞
fne
−j2πµn∆T
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Transformada Discreta de Fourier
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Transformada de Discreta de Fourier

Como F̃ (µ) é cont́ınuo e periódico com peŕıodo 1/∆T

Logo, para caracterização do sinal precisamos apenas de 1 peŕıodo
amostrado de F̃ (µ).

Suponha que em um peŕıodo (0 ≤ µ ≤ 1/∆T ) de F̃ (µ) queremos
coletar M amostras:

µ =
m

M∆T
, m = 0, 1, 2, . . . ,M − 1.

F̃ (µ) =
∞∑

n=−∞
fne
−j2πµn∆T

Fm =
M−1∑
n=0

fne
−j2πmn/M m = 0, 1, 2, . . . ,M − 1.

Esta é expressão da TF discreta que estamos procurando.
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Transformada de Discreta de Fourier

Transformada Discreta de Fourier (TDF) - Direta

F (u) =
M−1∑
x=0

f (x)e−j2πux/M m = 0, 1, 2, . . . ,M − 1.

Transformada Discreta de Fourier (TDF) - Inversa

f (x) =
1

M

M−1∑
u=0

F (u)e j2πux/M x = 0, 1, 2, . . . ,M − 1.
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Transformada de Discreta de Fourier

F (u) = F (u + kM)

f (x) = f (x + kM)

E a convolução? Convolução Circular

f (x) ∗ h(x) =
M−1∑
m=0

f (m)h(x −m)

Relação entre a amostragem e os intervalos de frequência

T = M∆T

∆u = 1/(M∆T ) = 1/T

Ω = M∆u = 1/∆T
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Transformada de Fourier Discreta
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Exemplo

Cálculo da TDF de um degrau de comprimento 5:
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Exemplo

Cálculo da TDF de um degrau de comprimento 5:

X̃ [k] =
4∑

n=0

1e−j(2π/5)·kn = 5δ[k − r · 5]
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Exemplo

Cálculo da TDF de um degrau de comprimento 10:
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Exemplo

Cálculo da TDF de um degrau de comprimento 10:

X̃ [k] =
4∑

n=0

1e−j(2π/10)·kn =
1− e−j(2π)k

1− e−j(2π/5)k
= e−j(4π/10)k sin(πk/2)

sin(πk/10)
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Sinais 2-D
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Sinais 2-D
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Sinais 2-D
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Transformada de Fourier Discreta 2D

F (u, v) = 1
MN

∑M−1
x=0

∑N−1
y=0 f (x , y)e−j(2π)·( ux

M
+ vy

N )

f (x , y) =
∑M−1

u=0

∑N−1
v=0 F (u, v)e j(2π)·( ux

M
+ vy

N )

Magnitude:

|F (u, v)| =
[
R2(u, v) + I 2(u, v)

]1/2

Fase:

|φ(u, v)| = arctan

[
I (u, v)

R(u, v)

]
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Propriedades
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Propriedades
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2D Aliasing
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2D Aliasing
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2D Aliasing
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2D Aliasing
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Efeito Moiré
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Efeito Moiré
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Efeito Moiré
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Propriedades TFD-2D
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Propriedades TFD-2D
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Propriedades TFD-2D
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Propriedades TFD-2D
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Propriedades TFD-2D
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Propriedades TFD-2D
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Propriedades TFD-2D
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Propriedades TFD-2D
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Filtros
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Filtros

G (u, v) = H(u, v) · F (u, v)

Resultado filtragem, zerando F (M/2,N/2) – eliminando o nvel DC.
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Filtros

Passa-Baixas Passa-Altas Passa-Altas + DC
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Padding
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Periodicidade
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Periodicidade
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Filtros
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Exemplo
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Filtro Passa-Baixas
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Filtro Ideal
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Filtro Ideal

Filtro Ideal: Frequências de
corte com valores de raio iguais a
10, 30, 60, 160 e 460. A potência
removida por estes filtros é 13,
6.9, 4.3, 2.2, e 0.8% do total.
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Filtro Butterworth

H(u, v) =
1

1 + [D(u, v)/Do ]2n
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Filtro Butterworth

No tempo:
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Filtro Butterworth

Filtro Butterworth: Frequências
de corte com valores de raio
iguais a 10, 30, 60, 160 e 460. A
potência removida por estes
filtros é 13, 6.9, 4.3, 2.2, e 0.8%
do total.
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Filtro Gaussiano

H(u, v) = e−D
2(u,v)/2D2

o
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Filtro Gaussiano

Filtro Gaussiano: Frequências
de corte com valores de raio
iguais a 10, 30, 60, 160 e 460. A
potência removida por estes
filtros é 13, 6.9, 4.3, 2.2, e 0.8%
do total.
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Resumo – Filtros
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Exemplos – Filtros
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Exemplos – Filtros
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Exemplos – Filtros
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Enriquecemento

Filtros Passa-altas:

HHP(u, v) = 1− HLP(u, v)
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Filtros Passa-Altas

Ideal

Butterworth

Gaussiano
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Representação Espacial
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Passa-Altas Ideal
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Passa-Altas Butterworth
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Passa-Altas Gaussiano
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Exemplo
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Laplaciano

g(x , y) = f (x , y)−∇2f (x , y)

g(x , y) = F−1
{[

1 + (u −M/2)2(v − N/2)2
]
F (u, v)

}
f (x , y)
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Exemplo
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Lembrando

g(x , y) = f (x , y)− fLP(x , y) fHB(x , y) = Af (x , y)− fLP(x , y)

fHB(x , y) = (A− 1)f (x , y) + f (x , y)− fLP(x , y)

e
fhb(x , y) = (A− 1)f (x , y) + fHP(x , y)

HHP(u, v) = 1− HLP(u, v)

HHB(u, v) = (A− 1) + HHP(u, v)

Mylène Farias (ENE-UnB) PI 29 de Março de 2016 93 / 108



Exemplo
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Filtragem Homomórfica
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Filtragem Homomórfica

f (x , y) = i(x , y) · r(x , y)

Mas,
TF {f (x , y)} 6= TF {i(x , y)} · TF {r(x , y)}

Considerando que

z(x , y) = ln f (x , y) = ln i(x , y) + ln r(x , y),

temos que:

TF {z(x , y)} = TF {ln f (x , y)} = TF {ln i(x , y)}+ TF {ln r(x , y)} .

Logo

Z (u, v) = Fi (u, v) + Fr (u, v)
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Filtragem Homomórfica

S(u, v) = H(u, v) · Z (u, v)

= H(u, v)Fi (u, v) + H(u, v)Fr (u, v)

s(x , y) = TF−1 {S(u, v)}
= TF−1 {H(u, v)Fi (u, v)}+ TF−1 {H(u, v)Fr (u, v)}

i ′(x , y) = TF−1 {H(u, v)Fi (u, v)}
r ′(x , y) = TF−1 {H(u, v)Fr (u, v)}

s(x , y) = i ′(x , y) + r ′(x , y)
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Filtragem Homomórfica

g(x , y) = es(x ,y)

= e i
′(x ,y) · er ′(x ,y)

= i0(x , y) · r0(x , y)
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Filtragem Homomórfica

Iluminação variações espaciais de baixa frequência
Reflectância variações abruptas
Filtro homomórfico trata diferentemente as baixas (i) e altas (r)
frequências

H(u, v) = (γH − γL)
[
1− e−c(D2(u,v)/D2

0 )
]

+ γL
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Exemplo: Filtragem Homomórfica
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Filtros Rejeita- e Passa-Faixa

HBP(u, v) = 1− HBR(u, v)
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Filtros Rejeita- e Passa-Faixa
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Filtros Notch
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Filtros Notch

Ideal:

H(u, v) =

{
0, se D1(u, v) ≤ D0 ou D2(u, v) ≤ D0

1, caso contrário

D1(u, v) =
[
(u −M/2− u0)2 + (v − N/2− v0)2

]1/2

D2(u, v) =
[
(u −M/2 + u0)2 + (v − N/2 + v0)2

]1/2

Butterworth:

H(u, v) =
1

1 +
[

D2
0

D1(u,v)D2(u,v)

]n
Gaussiano:

H(u, v) = 1− e
− 1

2

[
D1(u,v)D2(u,v)

D2
0

]
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Filtros Notch
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Filtros Notch
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Filtros Notch
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