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Spatial Transformation Fucntions
g(x,y) = T[f(x,y)]

Origin

=

@ Linear Operations:

H(a-f+b-g) = a-H(f)+b-H(g)

Image f(x. v)
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Spatial Transformations
g(x,y) = T[f(x,y)]

Origin

=

@ Global: all image

@ Neighborhood: regions
(squares, circles, etc.)

o Pixel-to-pixel: 1 x 1

Image f(x. v)
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_\.
¥

The value of this pixel

is the average value of the

pixelsin 8,

Image g

Unign

— (5 p)

3% S nephborhoud ul Ly, ¥

$patial domuin



Transformations

T(r)
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Transformations
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Negative Transformations
s=L—-1- r.
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Logarithm Transformations

s=clog(l+r)

ah
FIGURE 3.5
I o1

E. (32-2) vilh
e=1
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Transformation Function
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Gamma Transformation Function

FIGURE 3.6 Plots
of the cquation

5 — o for
various values of
= Tinal
cazes). All curves
were scaled to fit
in the range
show.
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Gamma Transformation Function

Output Response and Correction Curves
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Gamma Tran mation Function

« Alinear camera.
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Tmage as viewed on monitar
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FIGURE 3.7

(a) Linear-wedge
gray-scale image.
(b) Response of
monitor Lo linear
wedge.

(c) Gamma-
corrected wedge.
(d) Output of
monitor. Il
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FIGURE 3.8

(a) Magnetic
resonance

image (MRI) of a
fractured human
spine.

(b)—(d) Results of
applying the
transformation in
Eq. (3.2-3) with

¢ — land

v = 06,04 and

0.3, respectively.
al image

courtesy of Dr.
David R. Pickens,
Department of
Radiology and
Radiological
Sciences,
Vanderbilt
University
Medical Center.)
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FIGURE 3.9
(a) Aerial image.
(b)~(d) Results of
applying the
transformation in
Eq. (3.2-3) with
c = 1and

= 2.0.4.0,and
5.0, fespectvely.
(Original image
for this example
courtesy of
NASA)



Piecewise-Linear Transformation F lons

Lot ‘ |

;; (r2, 52) ab
5 osrpm cd
ER S FIGURE 3.10
£ Contrast stretching.
E Lap - (a) Form of
g sy) transformation

" \ | function. (b) A

0 L/ L2 3L L1 low-contrast image.

(c) Result of
contrast stretching,
(d) Result of
thresholding.
(Original image
courtesy of Dr.
Roger Heady,
Research School of
Biological Sciences,
Australian National
University,
Canberra,
Australia.)

Input intensity level, r
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FIGURE 3.11 (a) This
transtormarion
highlights intensily
range [4, Bl and
reduces all other
iAtensitics to & lower
level. (b) This
Lransformation
hishlights range

|4, ] and preserves
all other intensity
levels.

abec

FIGURE 3.12 (a) Aortic angiogram. (b) Result of using a slicing transformation of the type illustrated in Fig.
3. ll(al, with the range of intensitics of interest selecled in the upper end ol the gray scale. (¢) Resull of
using the transformation in Fig. 3.11(b), with the selected area set to hlack, so that grays in the area of the
blood vessels and kidneys were preserved, (Original image courtesy of Dr. Thomas R, Gest, University of
Michigan Medical School.)



Bit-plane slicing

One 8-bit byte 7 Bit plane 8
(most significant)

A

Bit plane 1
(least significant)

NN
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FIGURE 3.14 The cight bit planes of the image in Fig. 3.13. The number at the bottom,
right of each image identifies the bit plane.



FIGURE 3.14 (a) An 8-bit gray-scale image of size 500 X 1192 pixels. (b) through (i) Bit planes 1 through 8,
with bit plane 1 corresponding to the least significant bit. Each bit plane is a binary image.
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FIGURE 3.15 Images reconstructed using (a) bit planes 8 and 7; (b) bit planes 8,7, and 6; and (c) bit planes 8,
7,6, and 5. Compare (c) with Fig. 3.14(a).
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FIGURE 2.41
Images exhibiting
(a) low contrast,
(b) medium
contrast, and

(c) high contrast.
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Histogram Transformation

@ The histogram transformation function — transforms a pixel
distribution into a more ‘interesting’ distribution;
@ A function T(r) is used, which must satisfy the following conditions:

@ Be monotonically increasing in the interval 0 < r < (L —1)
Q@O T(r)<L-1for0<r<(L-1)
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Histogram Transformation
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Histogram Transformation

@ p, e ps are probability density functions (PDF);

@ T(r) is the function that transforms a variable (r) into another (s);
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Histogram Transformation

@ p, e ps are probability density functions (PDF);
@ T(r) is the function that transforms a variable (r) into another (s);

e If pr(r) and T(r) are known, with T(r) continuous and differentiable,
ps(s) can be obtained by:

ps(s) = pr(r) | %]
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Histogram Transformation

pr € ps are probability density functions (PDF);

T(r) is the function that transforms a variable (r) into another (s);

If pr(r) and T(r) are known, with T(r) continuous and differentiable,
ps(s) can be obtained by:

ps(s) = pr(r) | %]

@ One example of T(r):

s=T(r)=(L-1) for pr(w)dw
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Histogram Transformation

Considering:

s=T(r)=(L- 1)/0r pr(w)dw
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Histogram Transformation

Considering:

s=T(r)=(L- 1)/0r pr(w)dw
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Histogram Transformation
Considering:

s=T(r)=(L- 1)/0 pr(w)dw
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Histogram Transformation
Considering:

s=T(r)=(L- 1)/0 pr(w)dw

dr

dr 1 1
ds

pels) = pl1) S|~ 1

= pr(r)

Uniform Distribution
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Histogram Transformation
s=T(r)=(L—- 1)/r pr(w)dw
0

pr) ps(s)

L-1

0 L—-1 0 L-1

ab

FIGURE 3.18 (a) An arbitrary PDFE. (b) Result of applying the transformation in
Eq. (3.3-4) to all intensity levels, 7. The resulting intensities, s, have a uniform PDF,
independently of the form of the PDF of the r's.
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Histogram Transformation

@ Continuous Case:

s=T(r)=(L- 1)/0r pr(w)dw
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Histogram Transformation

@ Continuous Case:

s=T(r)=(L- 1)/0r pr(w)dw

@ Discrete Case:
For k=0,1,...,L —1.

Jj=0
k n:
=(L-1) MoN
j=0
k
(L-1)
T M-N ,Z”f
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Histogram Transformation

Ex: 3 bits Image ( L = 8) of size 64x 64 pixels (M - N = 4096)

Iy n p(ry) = ni/MN
rp=20 790 0.19
n=1 1023 0.25
rn =2 850 0.21
ry =23 656 0.16
ry =4 329 0.08
rs =5 245 0.06
rg = 6 122 0.03
ro=1 81 0.02
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Histogram Transformation

Ex.: 3 bits Image ( L = 8) of size 64x 64 pixels (M - N = 4096)

pr) = m/MN

T n
=20 790
rn=1 1023
n=2 850
r3=3 656
ry=4 329
rs=15 245
re =06 122
r=1 81

0.19
0.25
0.21
0.16
0.08
0.06
0.03
0.02

0

S0 = T(fo)=72pr(rj):7-0,19:1,33—>1
0

1

si=T(n)=7Y_ pi(r;) =7-(0,19+0,25) = 3,08 — 3
0

5 =455 5
s, =6,23 — 6
5 =6,86 —s 7
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s3=5,61 — 6
S5 = 6, 65 — 7
s7=7,00— 7
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Histogram Transformation
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FIGURE 3.19 Tlustration of histogram equalization ol a 3-bit (8 intensily levels) image. (a) Original
histogram. (b) Transformation [unction. (¢) Equalized histogram.
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Histogram Transformation

o Tk n prry) = n/MN
S = T(rk)
=0 790 0.19
k = 1023 0.25
(L-1) Z "= 850 021
= n; =3 656 0.16
J n
M- N — r=4 329 0.08
Jj=0 rs = 245 0.06
re = 122 0.03
=1 81 0.02
Prlre) Pilse)
A
25— 25 . .
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05— | i ? . 05 i i
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abc

FIGURE 3.19 Tlustration of histogram equalization ol a 3-bil (8 intensily levels) image. (a) Original
histogram. (b) Transformation [unclion. (¢) Equalized histogram.
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Histogram Transformation

4 1Y
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Histogram Transformation

192

128

64
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Histogram Transformation

Does the histogram equalization always gives good results? \
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Histogram Transformation

Does the histogram equalization always gives good results? NO! \
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Histogram Specification

@ An image has a specific histogram;

@ Let p,(r) and p,(z) be the probability density functions of the
variables r e z.

@ p.(z) is the specified probability density function;
@ Let s be a random variable

s=T(r)=(L- 1)/0r pr(w)dw
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Histogram Specification

@ We obtain the function G:

s=T(r)=(L— 1)/0r pr(w)dw

G(z) = (L—1) /0 " pu(t)dt = s
2= G Y(s) = G [T(r)
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Histogram Specification
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Histogram Specification

@ Obtain the p,(r) of the input image and calculate the s values:
r
s=T(r)=(L—- 1)/ pr(w)dw
0
@ Use the specified PDF to obtain the function G(z):

G(z)=(L- 1)/02 pz(t)dt =s
©® Mapstoz

z=GY(s)
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Histogram Specification

o Ex.: If we assume continuous values:

2r

5, para0 < r<L—-1

pr(r) = {(H) - o
0, caso contrario

@ Find the transformations thah produces:

322

—=Z - para0<z<L-1

pz(z) = {(L_l) L. (2)
0, caso contrario
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Histogram Specification

Steps:
@ Find the equalization transformation:

s=T(r)=(L-1) /Of pr(w)dw
2w r?

:(L—l)/o ™ =11
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Histogram Specification

Steps:
@ Find the equalization transformation:

r2

s = T(r)—(L—l)/Orpr(W)dW
T 2w
:(L—1)/0 o™= o1

@ The transformation for the histogram:

Glz) = (L—1) /O po(t)dt

3t? 73

-0 [ oy
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Histogram Specification

@ Transformation Function:

1/3

z=[(L- 1)25]
= [(L — 1)r2]

@ So, to obtain the transformed image, we apply the above function in
the r variable.

1/3
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Histogram Specification

Discrete case:
@ Obtain p,(r;) of the input image and, later, the s, values, rounding
the values to integers in the interval [0, L — 1]:

sk = T(rg) = I\/I N an

@ Use the specified PDF to obtain the function G(z,;), rounding the
values to integers in the interval [0, L — 1]:

G(ze) = (L—1))_ pz(z) = sk
i=0

@ Map values of s; to z,:
-1
zq=G""(sk)
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Histogram Specification

@ In practice, we do not calculate the inverse ...

@ We calculate all possible values of G to every g

q

G(ze) = (L—1))_ pa(z) = sk

i=0

@ This values are scaled and rounded to the nearest integers in the
interval [0, L — 1] and saved (table);

@ For a given value s, we find the closest value in this table.
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Histogram Specification

Discrete Case:

@ Calculate the histogram of the input image, p,(r), and use it to
calculate the equalization transformation:

k
Sk = T(rk) = (;ﬂ_l::-l) Z n;

Round the results, s, to integers in the interval [0,L — 1

@ Calculate all transformation values G for g =0,1,..., L —1
q
G(zi) = (L—1))_ pa(z) = s«
i=0

Round the results of G to integers in the interval [0, L — 1 e save

these results in a table.
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Histogram Specification

Discrete Case:

@ For each value of s, k =0,1,...,L — 1, use the values of G (step 2)
to find the corresponding values of z, in a way that G(zg) is the
closest to sk. Save this mapping values form s to z.

@ Build an image with a specified histogram, performing first the
equalization and, then, the mapping from s, to z,.
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Histogram Specification

Example:
@ 3 bits image (L = 8), 64 x 64 (M - N = 4096) pixels

I n pry) = n,/MN Specified Actual
Zq P:(2y) P:(z1)
r="0 790 0.19 __
i1 = A .
rn=2 850 021 Z =2 0.00 0.00
ry=4 329 0.08 =4 0.20 0.25
rs=2>5 245 0.06 5=35 0.30 0.21
re =6 122 0.03 =6 0.20 0.24
=17 81 0.02 27 =17 0.15 0.11
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Histogram Specification

Example:

arias (ENE-UnB)

e g Pir) = ng/MN Specified Actual
2z P:(zg) Pez0)
n=o oo T a—
= 5 - - 000 000
n=2 850 021 000 000
=3 656 0.16 015 019
=4 329 0.08 020 025
r=5s 245 0.06 030 021
=6 122 0.03 020 024
=1 81 0.02 0.15 0.11
P(zq)
30+ .
!
] 25+ |
! |
[ 20 + | e
o |
[ 15+ | ]
[ | |
Pl " 10 + | !
[ . i
[ T A 05 4 | '
i o i 1. | i
F——+—+—+—+—+n t —t—
123 4 35 67 0 2 45 6 7
P2(2q)
25+ .
20+ o |9
A5 - } -
10 4 i e
! [
05 + ' [
- : P
— — Zq — —
12 3 45 6 7 0 23 45 6 7
IP
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Especificacdo de Histogramas

Exemplo:

s5=133—1 5 =3,08—3
s$5=455—5 s5=567—6
$4=6,23—6 s5=6,656——7
Ss=6,86 —7 s =7,00—7

@ Obtain equalized samples:

@ Calculate the transformation value:

0
G(20) =7 pz(z) =0,00 — 0

Jj=0
G(z1) =0,00 G(z)=0,00
G(z3) =1,05 G(z)=2,45
G(z5) = 4,55 G(z)=5,95
G(Z7) = 7, 00
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Histogram Specification

Example:

ss=133—1 5 =3,08—3
s =455—5 s53=567—6
$4=6,23 —6 s55=06,656—7
S =686 —7 s =7,00—7

@ Obtain equalized samples:

@ Calculate the transformation values and round it to the closest

integers:
0

G(20) =7 pz(z)=0,00 — 0
j=0
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Histogram Specification

n Sk - Z‘I
0 —— |1 — 3
]l —— | 3 — 4
2—— | 5 — 5
33— 6 - 6
4 7 - 7
57:

6/

7

Find the smallest value of zg in a way that G(z,) is the closest value to sy.
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Histogram Specification

>z
0—3
1—=4
2—5
3—6
4 —7
5—=7
6—7
7—7

q
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Equalized
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Local Processing of Histograms

@ Define a neighborhood and move the the central position pixel by
pixel;

@ In each position, the histograms of the neighborhood is calculated.
We can perform a histogram equalization or a histogram specification;

@ Map the intensity of the central neighborhood pixel,

@ Move to the next positions and repeat the procedure.
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Local Processing of Histograms

Lblc

IGURE 3.26 (a) Original image. (b) Result of global histogram equalization. (c) Result of local
istogram equalization applied to (a), using a neighborhood of size 3 x 3.

Myléne Farias (ENE-UnB) IP 13 de Marco de 2017 60 / 64



Histogram Statistics

@ Intensity average

L-1 T
m= Z rip(ri) = MN f(x,y)
i=0 x=0 y=0
@ Intensity Variance
L-1 ] M1yt
02 = u(r) = S (= mPp(n) = o S0 S [F(xy) — m?
i=0 x=0 y=0
@ n-th Moment
L—1
un(r) = » (ri—m)"p(ri)
i=0
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Histogram Statistics

@ Local Intensity Average:

-1
ms, = Y _ rips,(r;)
i=0
@ Local Intensity Variance
L-1

03, => (ri—ms,)’ps, ()
i=0

S,y — neighborhood
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Local Histogram Processing

abc

FIGURE 3.27 (a) SEM image of a tungsten filament magnified approximately 130x.
(b) Result of global histogram equalization. (¢) Image enhanced using local histogram
statistics. (Original image courtesy of Mr. Michael Shaffer, Department of Geological
Sciences, University of Oregon, Eugene.)
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ocal Histogram Processin

abec

FIGURE 3.27 (a) SEM image of a tungsten filament magnified approximately 130x.
(b) Result of global histogram equalization. (¢) Image enhanced using local histogram
statistics. (Original image courtesy of Mr. Michael Shaffer, Department of Geological

Sciences, University of Oregon, Eugene.)

Egi(x,y), itm, skm, andko,so, skuo,
gloyy=q .
Jxp), otherwise

m,; :global mean; 0, :global standard deviation

k=04 k =002k =04 E=4
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