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Similarly, it can be shown that

‘ i l= \D||A— BD-C| (1.48)
These formulas are called product rules for determinants. They were first given by
the Russian-born mathematician Issai Schur in a German paper [Sch17] that was
reprinted in English in [Sch86].

1.1.3 Matrix calculus

In our first calculus course, we learned the mathematics of derivatives and integrals
and how to apply those concepts to scalars. We can also apply the mathematics of
calculus to vectors and matrices. Some aspects of matrix calculus are identical to
scalar calculus, but some scalar calculus concepts need to be extended in order to
derive formulas for matrix calculus.

As intuition would lead us to believe, the time derivative of a matrix is simply
equal to the matrix of the time derivatives of the individual matrix elements. Also,
the integral of a matrix is equal to the matrix of the integrals of the individual
matrix elements. In other words, assuming that A is an m X n matrix, we have

[ Ayn(t) - A()
Alt) = : :
L Anl(t) e Ann(t)
) fAll(t) dt - fAln(t) dt
/ Aydt = ; ; (1.49)
| [An(t)dt -+ [Apa(t)dt

Next we will compute the time derivative of the inverse of a matrix. Suppose that
matrix A(t), which we will denote as A, has elements that are functions of time.
We know that AA~! = I; that is, AA~! is a constant matrix and therefore has a
time derivative of zero. But the time derivative of AA~! can be computed as

. d
%(AA'l) = AA7'+ AZ (47 (1.50)

Since this is zero, we can solve for d(A~1)/dt as

d

—(A7) = —A"1AA? (1.51)
dt
Note that for the special case of a scalar A, this reduces to the familiar equation
d _ 0(1/A)dA
M = e &
= —A/A® (1.52)

Now suppose that z is an n X 1 vector and f(z) is a scalar function of the elements
of z. Then
of

== [ 0f/0zy -+ Of/0zs ] (1.53)
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Even though z is a column vector, 8f/8z is a row vector. The converse is also
true — if z is a row vector, then 8f/8z is a column vector. Note that some authors
define this the other way around. That is, they say that if z is a column vector then
8f /0 is also a column vector. There is no accepted convention for the definition of
the partial derivative of a scalar with respect to a vector. It does not really matter
which definition we use as long as we are consistent. In this book, we will use the
convention described by Equation (1.53).

Now suppose that A is an m x n matrix and f(A) is a scalar. Then the partial
derivative of a scalar with respect to a matrix can be computed as follows:

0f/0A1 - Of/0Am

3—A . .
8f/0Am1 -+ Of/BAmn

With these definitions we can compute the partial derivative of the dot product of
two vectors. Suppose z and y are n-element column vectors. Then

Ty = T+ + To¥n
A0 (o om - oaTy)/om |
= [y )
= o (1.55)
Likewise, we can obtain
a(gzy) =27 (1.56)

Now we will compute the partial derivative of a quadratic with respect to a vector.
First write the quadratic as follows:

An o A z1
P I
An1t o Apn Zn

T

= [ Zz T, A Ez z,Am :|

In

= > miz,A, (1.57)
z’j

Now take the partial derivative of the quadratic as follows:

T
B_(%IA_” [ 8T Az)/Bz, -+ O(aT Az)/bz, |
= [ Z] .’L‘jA]_J + E,L T, A5 - Z] Z'jAnj + Zz T, A ]
= [ ZJ T, Ay Zj TjAnj ]+ [. melAﬂ Tt Zz"L“Am ]

= zTAT +2TA (1.58)
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If A is symmetric, as it often is in quadratic expressions, then A = AT and the
above expression simplifies to

o(zT Az)

T : T
= A = .
5 2z ifA=A (1.59)
Next we define the partial derivative of a vector with respect to another vector.
g1(x) 1
Suppose g(z) = : andz=| : [. Then
gm(z) Tn
8g1/a$1 st ag1/61)n
99 : .
= = : : (1.60)
0gm/0z1 -+ OgmOz,

If either g(z) or z is transposed, then the partial derivative is also transposed.
o _ (89)"
or Oz

b9 _ (9g\"
8zT or
ogT 99

9T Bz (1.61)

With these definitions, the following important equalities can be derived. Suppose
A is an m X n matrix and x is an n x 1 vector. Then

O0(Az)
Oz = 4
o(zT A)
3 A (1.62)

Now we suppose that A is an m X n matrix, B is an n X n matrix, and we want
to compute the partial derivative of Tr(ABAT) with respect to A. First compute
ABAT as follows:

[ A - Amn Bii -+ Bin Air o Am
ABAT = | : P P
L Aml te Amn Bnl te Bnn Aln e Ann
[ 3,k AkBrjAy o 30 AwkBryAmg
= : : (1.63)
R Zxk Akak]Alj e Zj,kAkaijmj

From this we see that the trace of ABAT is given as

Tr(ABAT) = AiBr;Ay (1.64)
1,7,k
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Its partial derivative with respect to A can be computed as

OTr(ABAT)/0Ay; - OTr(ABAT)/0A;,
STY(ABAT) ( . )/9A1 ( ' )/04A
oA : :
OTr(ABAT)/Am1 --- OTr(ABAT)/8Amn
[ 3, AuBy + X AuBer 0 205 Ay Bnj + 3 AwkBin
L Zj Am]Blg + Zk Akakl e zj Am]Bn] + Zk Akakn
[ Y AyuBy o X, A1Bn;
= : : +
| 22 AmyBy - 3, AmyBnj
[ Yk AwBri o+ Y AkBin
| Yk AmkBrr o+ Yk AmkBin
= ABT + AB (1.65)

If B is symmetric, as it often is in partial derivatives of the form above, then this
can be simplified to

OTr(ABAT)
EX

A number of additional interesting results related to matrix calculus can be found
in {Ske98, Appendix B.

=24B ifB=BT (1.66)

1.1.4 The history of matrices

This section is a brief diversion to present some of the history of matrix theory.
Much of the information in this section is taken from [OCo096].

The use of matrices can be found as far back as the fourth century BC. We see in
ancient clay tablets that the Babylonians studied problems that led to simultaneous
linear equations. For example, a tablet dating from about 300 BC contains the
following problem: “There are two fields whose total area is 1800 units. One
produces grain at the rate of 2/3 of a bushel per unit while the other produces
grain at the rate of 1/2 a bushel per unit. If the total yield is 1100 bushels, what
is the size of each field?”

Later, the Chinese came even closer to the use of matrices. In [She99] (originally
published between 200 BC and 100 AD) we see the following problem: “There are
three types of corn, of which three bundles of the first, two of the second, and one
of the third make 39 measures. Two of the first, three of the second, and one of
the third make 34 measures. And one of the first, two of the second and three
of the third make 26 measures. How many measures of corn are contained in one
bundle of each type?” At that point, the ancient Chinese essentially use Gaussian
elimination (which was not well known until the 19th century) to solve the problem.

In spite of this very early beginning, it was not until the end of the 17th cen-
tury that serious investigation of matrix algebra began. In 1683, the Japanese



