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Comment on “A New Method for the Nonlinear vik+1)=z(k+1)— z2(k+ 1|k); (8)
Transformation of Means and Covariances in W(k+1)=P,.(k+ 1|k)P,; (k+ 1|k) (9)
Filters and Estimators” Po(k+1[k) = R(k+1) + P..(k + 1[k). (10)
Tine Lefebvre, Herman Bruyninckx, and Joris De Schutter  Different Kalman filter variants for nonlinear systems propose other
ways of computing:(k + 1|k), 2(k + 1|k), their covariance matrices

P(k + 1|k) and P..(k + 1|k) and their cr variance matrix
Abstract—The above paper generalizes the Kalman filter to nonlinear (k + 1]k) and P-.(k + 1|k) and their cross covariance mat

systems by transforming approximations of the probability distributions Poo(k + 1[k). . . . .
through the nonlinear process and measurement functions. This comment ~ The UKF formalism choose2n + 1 regression pointg’; in state

derives exactly the same estimator by linearizing the process and measure- space with weight$V, (i = 1, ..., n)

ment functions by a statistical linear regression through some regression

points (in contrast with the extended Kalman filter which uses an analytic Xo(klj) =2(klj), Wo =25/{2(n+ r)} (11)
linearization in one point). This insight allows: 1) to understand/predict . N . -

the performance of the estimator for specific applications, and 2) to make Xi(k|j) =2(k|j) + (\/ (n + ”)P(HJ))Z_

adaptations to the estimator (i.e., the choice of the regression points and T 1 /19 .
their weights) in those cases where the original formulation does not assure Wi =1/{2(n+x)} (12)

good results. Ko (Klj) = (k1)) = (VO + m) PO )

Index Terms—Statistical linear regression, unscented Kalman filter.

7

Witn = 1/{2(""' “)} 13)
where (\/(rn+ r)P(k|j)); is the ith row or column of

(n+ k)P(klj). v is a degree of freedom in the choice of the
The above papérdescribes the so-callashscented Kalman filter regression pointst’; [1], [2], [3]. This sample set is chosen to have
(UKF) as a new minimum mean squared error (MMSE) state estimatbe same mean and covariance as the distributiar{ of

|. INTRODUCTION

for a nonlinear system 2n,
z(klj) = W, X, (k|j 14
z(k+1)=hlz(k+ 1), u(k+1), k+ 1] +w(k+1) 2 2n
o , o P(klj) = > Wi{&i(klj) — a(klj)}
wherez(k) is the state of the system at time step:(%) is the input i—o
vector,z(k) is the observation vector, and(k) is additive measure- AX(klj) — 2(k[)} (15)

ment noise f[.] andh[.] are the nonlinear system and measurement
functions. The UKF formulas of the papassume that the state vector Starting from the regression poims (k|k), obtained by (11)-(13),

x(k) is augmented with the process noise veetdr) (see Remark 4 the UKF-specific process update equations compute the sample mean
of the aforementioned pagdr This explains why:(k) is not explicitty and covariance of the regression points passed through the nonlinear
mentioned in (1). It is also assumed that the process méiseand the Process function

measurement noise(k) are zero mean and

Xi(k +1|k) = f[Xi(k[F), u(k), K] (16)
E [”(k)”f(j)] =01, Q(k) @) #(k+1|k) = 72 WX (k + 1[k) (17)
E[w(kyw” ()] =0, RO, ¥k, j @) =0
E otk ()] =0. 5) Pk 118 = 32 Wi {6+ 110) = (0 + 110))
The Kalman filter update equations computerthéimensional state AXi(k 4 1k) — &k + 1)k)} . (18)

estimatez(k|7) at time stepk, given all observations up to and in-

cluding time step, and the covariance matri(%|;) of this estimate Starting from the regression poimts (k-+1|k), obtained by (11)-(13),

the UKF-specific measurement update equations compute the sample
#k+1k+1) =2(k+1k) + Wk + Dr(k+ 1) (6) Mmean and covariance of the regression points passed through the non-

P41k +1) = P(k+ 1[k) = W(k +1) linear measurement functién
P, (k+1WE(k+1) ) Zi(k+1|k) =h[Xi(k+ 1]k), u(k + 1), k + 1] (19)
2n
Bk +1k) =Y WiZi(k+1|k) (20)
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The motivation behind the aforementioned pageto avoid the lin- TABLE |
earization of the process and measurement funcfiamsih, however, EQUIVALENCE OF THE SYMBOLS IN SECTIONSII-A, 1I-B, AND II-C
(16)—(22) are the same as for an estimator whiekarizesthese func-

; o . . . . Section II-A | Section II-B | Section I-C
tions by statistical linear regression and which we will refer to as the = =5) 21 1)
linear regression Kalman filter (LRKF). The LRKF has the following v z(k +1) 2(k+1)
properties: g f h
1) itlinearizes the process and measurement functions by statistical A (Eq. (28)) | Fa(k) Hy(k+1)
linear regression of the functions through some regression points b (Eq. (28)) | Fe(k) H:(k+1)
in state space; X ;f(’l:]k)l . ;1(,’: + 1”}’?
2) it defines the uncertainty due to linearization errors on the lin- Y ik + 1]k) ik +11k)

earized process or measurement function as the covariance ma-

trix of the deviations between the function values of the nonlinedlinction obtained by statistical linear regression through (k|k),
and the linearized function in the regression points. Xik+1k),i=1,...,7

z(k+1) = Fa(k)x(k) + F.(k) +v" (k). (30)

e analogy with Section II-A becomes clear by replacing the symbols
ccording to Table I.

v* (k) is the process uncertainty that accounts for the linearization
errors. Its covariance matr@* (k) is defined as the covariance matrix
of the deviations between the function values of the nonlinear and the
linearized function in the regression points, i@"(k) = P.. of (29).

Il. EQUIVALENCE OF THE UKF AND THE LRKF

Section II-A describes the linear regression formulas. Sections II-
and II-C define the LRKF and show that the UKF is a LRKF for both
the process and the measurement update.

A. Statistical Linear Regression of a Nonlinear Function

Consider a nonlinear function = g(z) evaluated in- points ¢, The LRKF-specific process update equations then follow from the
Y;) wherey; = g(X;). Define well-known linear Kalman filter equations
1< 1< E(k + 1|k) = Fa(k)&(k|k) + F.(k)
=X g=_ YV (23) L
= = =3 Xkt k) (31)
Per =7 L (o)X= = P(k + 1K) = Fa(k) PR Fa(t) + @ (1)
r 1 — )
Py=t S Xm0 -9 25) =7 2 (R 100 — stk + 1)
=1 = ,
1< ~ . AKX+ 1]k) — @k + 1[R)}T (32)

These update equations correspond to the UKF equations (16)—(18),
o ] ] o knowing that the UKF defines = 2(n + ) regression points: points
They-regressioris thelinear regressiory = Az + b that minimizes X, (k|k), n pointsXip, (k|k), and2x points X, (k|k), (11)—(13).

the sum of the squared errors

=1

C. The UKF Is a LRKF: Measurement Update

I}al,iil Z {efei} (27) The LRKF evaluates the nonlinear measurement functiomegres-
=1 sion pointsX’;(k + 1|k). The points are chosen such that their mean
with e; = Y, — (AX; +b), i.e., the deviations between the functiordnd their covariance matrix equelk +1|k) andP(k+1|k). The func-
values of the nonlinear and linearized functions in the regression poiritgh values of the regression points through the measurement function

The solution to (27) is [4] areZ;(k + 1lk) = h[X;(k + 1|k), u(k + 1), k + 1]. The LRKF al-
- gorithm uses a linearized measurement function obtained by statistical
A=P;, P} b=y Ax. (28) linear regression throug®X’; (k + 1|k), Z;(k+ 1|k)),i=1, ..., r
The covariance matrix of the deviatioasis z(k+1)=Ha(k+ Da(k+1)+ Hc(k+1)
r +w(k+ 1) +w"(k+1). (33)
P.. = E Z eiel ; : :
T T The analogy with Section II-A becomes clear by replacing the sym-
=t bols according to Table I.
_1 Z{o}i —9) - A(X, —3)} w(.k + 1) is the measurement noise on the nonlinear measurement
e function (2),w* (k + 1) is the extra measurement uncertainty on the
A —y) - AX; — 5)}T linearized function due to linearization errors. The covariance matrix

m m of the latter isR*(k + 1) and is defined as the covariance matrix of
=Py — A Py _,I_Jyx A4 +AP.. A the deviations between the function values of the nonlinear and the
=P,, —AP,, A" (29) linearized function in the regression points, i.&;(k + 1) = P..
of (29).

The LRKF-specific measurement equations then follow from the
well-known linear Kalman filter equations

(k4 1k) =Hy(k+ Da(k+ 1|k) + H.(k+ 1)

B. The UKF Is a LRKF: Process Update

The LRKF evaluates the nonlinear process functionr ipoints
Xi(k|k). These points have meak(k|k) and covarianceP(k|k). y
The updated values of the regressi_on points Af@k -1—. 1|k) = :} Z Zi(k+ 1|k) (34)
fIXi(k|k), u(k), k]. The LRKF algorithm uses a linearized process T
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P, (k+1k)=Rk+1)+R(k+1) tical linear regression of the functions through some regression points;
+ Hy(k+ )Pk + 1k)HS (k+1) and 2) it represents the extra uncertainty on a linearized function due
' to linearization errors by the covariance of the deviations between the

=R(k+ }) nonlinear and the linearized function in the regression points. Looking

+ 1 Z (Zi(k 4+ 1]k) = 3(k + 1]k)} at the UKF in this way: 1) allows a better understanding of the perfor-

r o= ] mance of the estimator for specific applications; and 2) allows to un-
AZik+ 1R = 2(k+ 1R (35) derstand/develop adaptations to the estimator which guarantee better

performance in applications where the original estimator does not as-

T
P,.(k+1k)=P(k+1[k)Hy (k+1); sure good results (e.g., when dealing with discontinuous functions).
1 < X
= S AKXk 4 1k) — &(k + 1]k)}
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AZi(k+1k) — 2(k+ 1|k)}T . (36) [1] S. J. Julier and J. K. Uhlmann. (1996) A general method for approxi-
mating nonlinear transformations of probability distributions. [Online].
Available: http://www.robots.ox.ac.uk/~siju/work/work.html
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» Sometimes, the UKF is used withka< 0 (resulting in negative [8] O.Ravn, M. Ngrgaard, and N. K. Poulsen, “New developments in state
weights) (see the aforementioned papend [1]). In this case, iggg‘ffgg; ﬁg\?%ﬂg‘gaf systemsiutomatica vol. 36, no. 11, pp.
the calculated covariance matrices can be nonpositive, semidefig) —_ «adgvances in derivative-free state estimation for non-
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Pk + 1|k) = P(k + 1|k)

+ {Xo(k+ 1|E) — 2(k + 1]k)}
AXo (k4 1]k) — &(k + 1]k)} " (37)
P Yk +1|k) =P..(k + 1|k) Authors’ Reply
Zo(k+ 1|k) — 2(k+ 1|k)]
+{{Z zli ++1|k|)) f}i ++1|]J);5, (38) Simon Julier and Jeffrey Uhimann
A Zo(k ) = 2(k L

The scaled unscented transformation [5] introduces one more de-|, [1], Lefebvreet al. demonstrate the validity of the so-called un-
gree of freedom in the choice of the regression points and thgitented Kalman filter (UKF) approatfrom a least-squares regression
weights (parameter). In this case, the calculated Cova”"’_‘nce&erspective. We use the definition that the Kalman filter is the minimum
lie between those of the original formulation and the previouslgast squares update algorithm. From first principles and using notation

described modified form. The covariances can be increased e¥g{m the aforementioned papkit can be proved that this is
more by introducing another parameté).(

» The reduced sigma point filters [2], [6] minimize the number of
regression points to+1 (the so-called simplex sigma points) for
ann-dimensional state space. This means that the linear regres-

Kk + 1k +1) =%k + 1/k) + W(k+ Dok +1)
P(k+1lk+1) =P(k+1|k)

sion is exact, i.e., the linearized function is a hyperplane through ~W(k+ DP,,(k+ 1/H)W' (k+1)
the regression points. Henda@; andR* are zero: the lineariza- vik+1)=z(k+1)—z(k+1|k)
tion errors are not taken into account. In this case, the calculated Wk +1) =P, (k+ 1|B)P5) (k+ 1]k).

covariances are too small and need to be increased artificially.
 Also some other filters are linear regression Kalman filters, e.g.,
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